
STOP 



Early Journal Content on JSTOR, Free to Anyone in the World 

This article is one of nearly 500,000 scholarly works digitized and made freely available to everyone in 
the world by JSTOR. 

Known as the Early Journal Content, this set of works include research articles, news, letters, and other 
writings published in more than 200 of the oldest leading academic journals. The works date from the 
mid-seventeenth to the early twentieth centuries. 

We encourage people to read and share the Early Journal Content openly and to tell others that this 
resource exists. People may post this content online or redistribute in any way for non-commercial 
purposes. 

Read more about Early Journal Content at http://about.jstor.org/participate-jstor/individuals/early- 
journal-content . 



JSTOR is a digital library of academic journals, books, and primary source objects. JSTOR helps people 
discover, use, and build upon a wide range of content through a powerful research and teaching 
platform, and preserves this content for future generations. JSTOR is part of ITHAKA, a not-for-profit 
organization that also includes Ithaka S+R and Portico. For more information about JSTOR, please 
contact support@jstor.org. 



222 



o ,i , a i , ,», k (ncosBJ— mcosC.r\ n 

afy + br a +caft— (a* + W + cr) =0. 

\ n—m I 



It follows that the radical axis of AA', BB', is 

ncosB.fi— mcosC.r ncosA.<*—llosC.r 



--0, 



n—m n—l 

or (m— w)cosA.«+ (n— l)cosBJ+(l— m)co&C.r— 0, 

the symmetry of the equation showing that it is the radical axis of all three 
circles AA', BB', CC. This radical axis is also the line of the four orthocen- 
ters (Art. 3). 

8. The radical axis of the diagonal circles is parallel to the Simson 
Line of D. 

If Aa+/i£+»7=0 makes an angle 6 with BC, then 

. e= J-—! x cosC— y cosB 
rsmB—nsmC ' 

so that for the radical axis, 

a cot vanes as i r -1 — y^- 1 ™ 

la— mo cosC—nc cosB 

Hence, the radical axis is parallel to the Simson Line (Art 3). 



DEPARTMENTS. 



SOLUTIONS OF PROBLEMS. 



ALGEBRA. 

Note on Problems 267 and 268, by W. J. GREENSTREET, M. A., Marling School, Stroud, England. 

In the Messenger of Mathematics, 1874, Vol. Ill, page 137, Mr. Glaisher 
drew attention to the formula: 

, _ nsina; (l 8 — n*) sin*a; (2 8 — n*) sin 8 a: (3 2 — n 2 ) sin 2 a: ,«^ 

— cosa;+ 3cosa5+ 5cosa:+ 7cosb+.... 

x being <£*, and n unrestricted. 
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V> nvn .-1„ +„„ M ' ,r — n l 8 — TO 2 2 a -TC 2 3 2 -W 3 



Put n = h tan 4= sisi * 



8 2+2+2+. 



Put^tan^A 6 - 1215 ' 2124 - 30 



12 9+27+45+ 63+... 

92, 7T yi, fi. -4-1 

Put n=m, tanh-j- = 5-7- -=-; 

4 1+ 3-1-.... 

2 

and as e^^-l+ir— 7 — r— , this gives a continued fraction for e in ". 

On page 65 of Vol. IV, 1875, Mr. Glaisher states that the value for 
tanwa; was not, as he had thought, original. Vorsselmann and Heer of 
Utrecht quoted it in 1833 from Euler (Me"m. de I' Acad, de Pitersbourg, 1813) 
in the form 

, %tana;(n 8 — l)tan 2 a;(w 8 — 2*)tan 2 *(TO 2 — 3 2 )tan s a; /n . 

Euler had derived it thus: 

m9 (l+g)"+ (l-s)» _ 1 1 (n 8 -l)s* (rc 8 -2 8 )z 8 (to 2 -3 8 )s 8 ,_. 

w *(l+z)»-(l-«)» _li ~ 3+ ~" 3+ 5+.... • w 

Vorsellmann derived it from a transformation of 

F(;?+r, fi+1, r+l,x) 
F(fi+r, fi, r, x) ' 

Glaisher got it from the differential equation corresponding to y—cos (ncos -1 a;) 
i. e., from (1— x*)y»— xy 1 -\-n*y= differentiated m times, i. e., (l—x e )y m +2 
— (2m J tl)y m +ix+ (to 8 — m i )y m =0. Then replacing x by cosa;, (1) follows at 
once. Vorsellmann also gave as his own: 

nt (n*-4)*« (w 8 -16)t 2 ... . . .. , 

tanwa; = ■._.„_ q/ 1 _jl«\_ , k)i_^2\_ — (4), terminating when n is even, 

«M« ! -l)* 2 (w 2 -9)* s /c , . . ,. , . „ ^ . 

=73 o_f*_ cn f 2_ — W > terminating when n is odd, 2i=tana;. 
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Glaisher points out that (4) is gotten from (2) by substituting 2x 

for x arid = — r — =- for tan2a:, and in for n. 
1— tan 2 * ' 

In the same way Glaisher gets 

fc,---- nt(l-t*) (^-16)t 2 (l-* a ) 2 (^-64)t 2 (l-t 2 ) 8 
ianraa; 1 _ 6t2+f4 _ 3 _ 184 2 +t 4_ 5-80**+«*-.... 

terminating when w is a multiple of 4. 

Putting n=0 in (2), (4), (5), we get 

tan - ^^ , q , ft — » (6) well known. 

tan* i- a! »+8(l-a! t )+ 6(l-» , )+.-... Ki) 
which is (6) with .. _ 8 for a;. 

/yi /*•» Q/y>2 

to^^^gz^;. (8). due to Euler (1779). 

Since tamw; only changes sign if ni be substituted for n and xi for *, 
(2) gives us 

. _ 9ttanha: (n* +l)tanh 2 a: (w 8 4) +tanh*a ; 
1— 3— 5—... 



or 



^i°4^]=^ ni ) *' (,i 5+y - 



a formula also obtainable by replacing n by ni in (3). 

Hence, by giving special values to a; in (2), (4), and (5), and replac- 
ing n by x, we get 

. *x_ x x s — la; 8 — 4 _ x a; 8 — la; 2 — 9 
Xa,n 4~1- 3- 5-... _ l- 2- 2-... 

jw a; a?*-3a; 8 -12 _2a; 4a; 8 -34a; 2 -12 _ 2a; 4a; 2 -3 4a; 8 - 27 
12111 3i/3 1- 3- 5-... 3- 9- 15-.... 3- 8- 12-.... 
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, *%_ x a; 8 — 1 a: 2 — 4 
6~ 1 /3-3|/3-5i/5- 

F _ n _3i/33.1 8 3.2 2 3.3* _6>/3 3.1 8 3.2 8 3.3 8 

j or x u, * 1+ 3+ 5+7+>>> 3+9+ 15+21+.. 



,6i/33.1 2 3.3 2 3.5 2 



3+8 + 12+ 16+... 1/3+31/3+51/3+7^3+.... 

which may also be deduced from (6), (7), and (8). 

Glaisher points out the specific advantage of getting a continued frac- 
tion from a differential equation, for not only is the result obtained db initio 
but the remainder at any stage is exhibited in a finite form. He takes 
a/=cos (sin _ V«) and its differential equation 4(«— 2 2 )y 2 +2(l—2z)y 1 +n i y=0. 
Differentiate m times and we have 

4(z-z i )y m+2 +2(2m + l)(l-2z)y m +i+(n i -4:m s )y m —0. 

Put z % =sm*hx and 2n for n and we deduce (4). 

From y=cos\/x we get tana;==r- ^ 

J. o ... 

In Vol. VII (1878), page 67, the same author gives further interest- 
ing forms: 

log^+T/q+x 8 )] 33+24., _ 2.4.6 7 

i/(l+a; 8 ) ~ x sa!+ 3.5 a; 3.5.7* + "" 

a; 1.2a; 8 3.4a; 2 5.6a; 2 1 1.2 



l+3-2a; 8 + 5-4» 8 + 7-6a; 8 +... af- 1 +8flr*^2e + ... 



sin _1 a; . « „ . 2.4 s , 2.4.6 _ . 

-=«+§ a; 8 +K-^a; 5 + = f7 a; 7 +.... 



l/(l-x*) * 3.5* ^3.5.7- 

a; 1.2a; 8 3.4a; 8 5.6a; 8 1 1.2 



l-2a; 8 +3- 4a; a +5- 6a; 8 +7-... ar 1 -2a;+3a;- 1 -... 
Here, putting a;/i/2, we get 
2^ lQ l+j/3_ 1 1 6 15 28 



l/3 6 t/2 1+2+3+4+ 5+.. . 

1, 6, 15, 28 being the alternate triangular numbers. 
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j/2, 1+t/3 _ 1 1.2 3.4 
i/3 g |/2 ~V2+ 2j/2+ 3v/2+. 

2 1-4-7-10-13-... 

« 1 1.2 3.4 5.6 

2j/2 j/2- 4|/2- 7i/2- 10j/2- 



„ , 2 , I + t/5 1 1.2 3.4 5.6 

For x—i, -Tplog — 



1/5 "* 2 2+5+ 8+ 11 + . 
1 1.2 3.4 5.6 



3i/3 2- 7- 12- 17-... 

™ -, • 4.u • ,.log[x+i/(l+a; 8 )] 

For #=1 in the expansion of //-. I 2 -> 

log(l+j/2) 1 1.2 3.4 5.6 , , ., . .., 

& /g — -= =rr 1 , 1 i rr — > and he compares this with 



t _ x = 1 1.2 2.3 3.4 5.6 



2 * 1+1+ 1+ 1+ 1+. 



GEOMETRY. 



318. Proposed by G. W. GREENWOOD, M. A., Dunbar, Fa. 



Is it possible by a straight edge and sect carrier, i. e., without the use 
of a circle, to construct a mean proportional to two given sects? 

Remark by G. B. M. ZERR, A. M., Ph. D., 4243 Girard Avenue, Philadelphia, Pa. 

The value of the length of the mean proportional can be approximate- 
ly measured without the application of the circle, but it cannot be 
constructed by pure geometry without such application. 

318. Proposed by G. B. M. ZERR, A. M., Ph. D., 4243 Girard Avenue, Philadelphia, Pa. 

Given three radii and the distances apart of the centers of three cir- 
cles, to find the radii of the eight circles touching the three given circles. 

II. Solution by G. W. GREENWOOD, Dunbar, Pa. 

Consider first the problem of describing a circle touching two given 
circles and passing through a given point Invert with respect to the point; 
the circles in general invert into circles; draw any common tangent to them 



